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CRYSTALLINE SOLIDS
Idealized Crystal Structure Real Materials

Infinite grid of  
immobile atoms  

with perfect periodicity

Everything moves!  

Perfect periodicity disturbed!



FAILURES OF THE STATIC LATTICE MODEL
N. W Ashcroft and N. D. Mermin,  “Solid State Physics” (1976).

• Inaccuracies in the equilibrium properties at 0K:  
Lattice Constants, Cohesive Energies, Elastic Constants,... 

• Failure to describe thermodynamic equilibrium properties: 
Specific Heat, Thermal Lattice Expansion, Phase Transformations, ...

• Failure to describe thermodynamic non-equilibrium properties:
✦ Charge Transport:  

Electrical AC/DC Conductivity, Superconductivity,...
✦ Heat Transport:  

Thermal Conductivity, Transmission of Sound,...
✦ Coupling of Charge & Heat Transport:  

Seebeck and Peltier Effect,...
✦ Interaction with Radiation:  

X-Ray, Infrared, Neutron, ... 



I. THE HARMONIC 
APPROXIMATION



THE HARMONIC APPROXIMATION
The total energy E is a 

3N-dimensional surface:

E = V (R1,R2, · · · ,RN )

Approximate by Taylor 
Expansion around the 
Static Equilibrium Ri0Atomic Coordinate Ri
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Static Equilibrium Energy
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WARNING:
Harmonic Approximation is 

only valid for small
displacements from R0!



THE HARMONIC APPROXIMATION

 Determine Hessian aka the Harmonic Force Constants Φij:
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Static Equilibrium Energy
from DFT Hessian Φij

Why is this theoretically challenging?



HELLMAN-FEYNMAN THEOREM
Born-Oppenheimer Approximation: 

Ground State Electrons determine the  
Potential Energy

U(R) = h R(r)|HR | R(r)i

Fi = �@U(R)

@Ri

= �h R(r)| @HR

@Ri
| R(r)i � 2 h R(r)|HR |@ R(r)/@Rii

Forces:

Forces are an expectation value of the wave function and 
do not depend on changes in the wave function itself.



HIGHER ORDER DERIVATIVES

Hessian depends explicitly on the response  
of the wave function to a nuclear displacement.

⇒ Adiabatic Electron-Phonon Coupling

�ij = � @Fi

@Rj

= h R(r)| @2
HR

@Ri@Rj
| R(r)i � 2 h R(r)| @HR

@Ri
|@ R(r)/@Rji

Hessian:

2n+1 Theorem:
(2n+1)th derivative of the energy requires 

the nth derivative of the wave function / electron density.

X. Gonze and J.-P. Vigneron, Phys. Rev. B 39, 13120 (1989). 



THE HARMONIC APPROXIMATION

 Determine Hessian aka the Harmonic Force Constants Φij:
• from Density-Functional Perturbation Theory 

S. Baroni, P. Giannozzi, and A. Testa, Phys. Rev. Lett. 58, 1861 (1987) & 
S. Baroni, et al., Rev. Mod. Phys. 73, 515 (2001). 

• from Finite Differences 
K. Kunc, and R. M. Martin, Phys. Rev. Lett. 48, 406 (1982) & 
K. Parlinski, Z. Q. Li, and Y. Kawazoe, Phys. Rev. Lett. 78, 4063 (1997). 
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Density-Functional Perturbation Theory
S. Baroni, P. Giannozzi, and A. Testa, Phys. Rev. Lett. 58, 1861 (1987) & 
S. Baroni, et al., Rev. Mod. Phys. 73, 515 (2001).

ĥKS i =
⇥
t̂+ v̂ext(r) + v̂H + v̂xc

⇤
 i = ✏i i

<latexit sha1_base64="5ygjnFlm/5D7hSIdOyKy5GrIwRY="></latexit>

Starting Point: 
Kohn-Sham Equations
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dĥKS

d�
��+ · · ·

 i (�) =  (0)
i +  (1)

i ��+ · · ·

"i (�) = "(0)i + "(1)i ��+ · · ·
<latexit sha1_base64="Vy17tMeq1P/TuW2BJDpme85zZPE="></latexit>

Starting Point: 
Kohn-Sham Equations

First-order expansion 
of all relevant quantities 
with respect to a perturbation λ 
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ĥ(1)
KSz }| {

dĥKS
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 R.M. Sternheimer, Phys. Rev. 96 951 (1954).  

Solve: Sternheimer Equation
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ĥ(1)
KS � ✏(1)i

⌘
 (0)
i + 0(�2)

<latexit sha1_base64="5x0WAXRanRDcs7OBdmUuFvon3dM="></latexit>

Route A: Density-functional Perturbation Theory
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X
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Route B: Coupled-Perturbed Self-Consistent Field

Additional Self-Concistency Cycle  
required per perturbation!
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Route B: Coupled-Perturbed Self-Consistent Field

Normalization Conditions:
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Phase Freedom: The phase of the perturbation can be freely chosen.

⇒ Extended Perturbations λ(q) can be treated 

in the unit cell! 



Density Functional Theory:
density n(r)

Electric Field  
Perturbation Theory:

density response        dn(r)/dE
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Polarizabilities & 
Dielectric Constants



Extensions: Response to Electric Fields
H. Shang, et al., New Journal of Physics 20, 073040 (2018).
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10 100
Polarizability (a0)  - Perturbation Theory
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Exp. this work Petousis
(all electron) et al., 2016
LDA PBE PBE

Si 12.1 13.2 12.9 13.1
AlP 7.5 8.4 8.2 8.1
AlAs 8.2 9.5 9.5 9.5
AlSb 10.24 11.7 11.9 12.1
GaP 9.0 10.6 10.6 10.6
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Theory Ref.: Petousis et al.,  
Phys. Rev. B 93, 115151 (2016).

Finite Systems: Polarizability Periodic Systems: Dielectric Constant

32 molecules: 
Errors < 0.001%

Na2

Si2H6

HF

Validation:
Comparison DFPT 

and finite differences

Validation:
Comparison DFPT with 

exp./theo. literature

H. Shang, et al., New Journal of Physics 20, 073040 (2018).



Density Functional  
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dn(r)/dRIdensity response        

Density Functional Theory:
density n(r)



Density Functional  
Perturbation Theory:

dn(r)/dRIdensity response        

All phonon properties!

Density Functional Theory:
density n(r)



DF-Perturbation Theory in FHI-aims 
H. Shang, C. Carbogno, P. Rinke, and M. Scheffler, Comp. Phys. Comm. 215, 26 (2017).

Validation:
Comparison DFPT and finite differences for 

vibrational properties
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THE HARMONIC APPROXIMATION

 Determine Hessian aka the Harmonic Force Constants Φij:
• from Density-Functional Perturbation Theory 

S. Baroni, P. Giannozzi, and A. Testa, Phys. Rev. Lett. 58, 1861 (1987) & 
S. Baroni, et al., Rev. Mod. Phys. 73, 515 (2001). 

• from Finite Differences 
K. Kunc, and R. M. Martin, Phys. Rev. Lett. 48, 406 (1982) & 
K. Parlinski, Z. Q. Li, and Y. Kawazoe, Phys. Rev. Lett. 78, 4063 (1997). 
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FHI-vibes & phonopy 
    F. Knoop et al., J. Open Source Softw. 5, 2671 (2020).

  A. Togo, F. Oba, and I. Tanaka, Phys. Rev. B 78, 134106 (2008).



THE FINITE DIFFERENCE APPROACH 
K. Parlinski, Z. Q. Li, and Y. Kawazoe, Phys. Rev. Lett. 78, 4063 (1997).  

A. Togo, F. Oba, and I. Tanaka, Phys. Rev. B 78, 134106 (2008).
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Example: Diamond Si (2 atoms in the basis):

Hessian has 36 entries:
⇒ 6 displacements d required
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Example: Diamond Si (2 atoms in the basis):

Space Group Analysis

Hessian has 5 unique, non-zero entries:
⇒ Only 1 displacement d required



THE HARMONIC APPROXIMATION
...in Molecules:

N ... Number of atoms
⇓	

Degrees of Freedom: 3N
Dimension of Hessian: 9N2

BUT:

N ➝ ∞ 

...in Crystalline Solids:

N ... Number of atoms
⇓	

Degrees of Freedom: 3N
Dimension of Hessian: 9N2



PERIODIC BOUNDARY CONDITIONS  



Unit Cell with  
Np atomsPeriodic Images Periodic Images

Lattice vector:
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Fourier Transform
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PERIODIC BOUNDARY CONDITIONS  



Reciprocal 
Space: 

Dynamical 
Matrix Di’j’(q) 
with i’,j’  ≤ Np

VIBRATIONS IN A CRYSTAL 101 
 K. Parlinski, Z. Q. Li, and Y. Kawazoe, Phys. Rev. Lett. 78, 4063 (1997). 

Real 
Space: 

Hessian Φij 

with i,j ➝ ∞

Fourier Transform can be truncated since 
Φij = 0 for large |Rj0 - Rj’0|

 Hessian Φij 

with finite number 
of non-zero entries

Dynamical Matrix Di’j’(q) 
known for the whole 

reciprocal space

Fourier Transform
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X
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0
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D(q) [⌫(q)] = !2(q) [⌫(q)]

VIBRATIONS IN A CRYSTAL 101 
 e.g. N. W Ashcroft and N. D. Mermin,  “Solid State Physics” (1976) 

Equation of Motion becomes an Eigenvalue Problem:

Dynamical matrix:

Analytical Solution in Real Space:  
       Superposition of Harmonic Oscillations

Rj(t) = R0
j +Re
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VIBRATIONS IN A CRYSTAL 101 
 e.g. N. W Ashcroft and N. D. Mermin,  “Solid State Physics” (1976) 



Eigenvalue problem:
D(q) [⌫(q)] = !2(q) [⌫(q)]

� X

!

q

Di0j0(q) =
X

j

ei(q·(Rj�Rj0 ))
p
Mi0Mj0

�i0j

Dynamical matrix:
=1

!

! ! ! !

VIBRATIONS IN A CRYSTAL 101 
 e.g. N. W Ashcroft and N. D. Mermin,  “Solid State Physics” (1976) 

 



Eigenvalue problem:
D(q) [⌫(q)] = !2(q) [⌫(q)]
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VIBRATIONS IN A CRYSTAL 101 
 e.g. N. W Ashcroft and N. D. Mermin,  “Solid State Physics” (1976) 



� X

!

q

For Np atoms in the unit cell there are:

3 Acoustic modes:
- Atoms in unit cell in-phase
- Acoustic modes vanish at !	
- Strong (typically linear) dispersion close to  !

(3Np - 3) Optical modes:

- Atoms in unit cell out-of-phase
- ω > 0 at !	(and everywhere else)
- Weak dispersion

VIBRATIONS IN A CRYSTAL 101 
 e.g. N. W Ashcroft and N. D. Mermin,  “Solid State Physics” (1976) 

a



VIBRATIONAL BAND STRUCTURE
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Figure 3. Total Energy hEs(q)i carried per mode with frequency !s(q) in thermodynamic average both
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zero-point energy effects and sensitively depends upon the actual frequency !s(q).
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into a sum over independent, quantum-mechanical harmonic Hamiltonians Hha
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boson, the wavefunction solving the Schrödinger equation for the full Hamiltonian Hha ha = Eha ha
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POLAR CRYSTALS
How to account for it?

(a) Calculate Born Effective Charges Zi*, i.e.,
the derivative of the polarisation.

(b) Calculate dielectric constant , i.e,
how the electric field is screened.
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In practice,  
it is beneficial to work with  

harmonic FIharm(t) and  
anharmonic forces FIDFT(t),

since this allows for  
an atom-specific resolution  

of anharmonic effects.
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FIG. 17. Comparison of σ A with experimental lattice thermal
conductivities of 6 wurtzite, 19 zincblende, and 22 rock salt materials
(defect-forming noble metal halides were excluded) with thermal
conductivity values taken from Ref. [49]. Values of σ A < 0.2 are
obtained by one-shot sampling, values >0.2 by aiMD. The diagonal
gray dashed line is a power-law fit of κ300 K with respect to σ A. The
horizontal dashed line separates materials with κL < 10 W/mK and
the vertical line denotes the intercept with the fit at σ A = 0.28.

where N is the number of samples in the test set [42].
The strong inverse correlation between these two properties
shown in Fig. 17 illustrates that σ A is a good descriptor for
anharmonicity by itself because as a material’s vibrational
properties become more anharmonic, its phonon lifetimes,
and therefore κL, decrease. It is remarkable that even without
explicitly including any of the other material properties that
influence κL, such as group velocities or heat capacities, we
get a similar AFD as other semi-empirical models [42,49].
We note that a similar correlation is observed between κL,exp
and σ A for those three perovskites in our data set, for which
experimental values of κL,exp are available [50–52]. However,
these few data points do not allow for a conclusive statisti-
cal assessment. Clearly, this calls for future, more extensive
research on more exhaustive data sets.

Along these lines, we like to stress again that the scope
of the presented method goes beyond thermal transport and
phase transition mechanisms, and potentially applies to any
phenomenon governed by anharmonic effects such as free
energies [53], thermal expansion [54], thermal stability [55],
defect formation [56,57], ferroelectricity [58], and electron-
phonon coupling [59]. Further investigations are expected to
reveal useful relationship between σ A and these target proper-
ties, as the thermal conductivities example above showcases.

Besides these phenomenological aspects, the findings in
this work call for a systematic analysis and scrutiny of all
existing, approximate treatments of vibrations in solids. For
σ A > 0.2, the anharmonic interactions become comparable in
strength to the harmonic ones, and not all phonon branches
might thus be reliably described in the harmonic approxi-
mation. Furthermore, these errors propagate, i.e., they affect
materials properties computed on top of the harmonic ap-
proximation, for instance free energies and heat capacities

as well as thermal expansion coefficients obtained via the
quasiharmonic approximation (QHA). In the later approach,
the anharmonic dependence of the force constants on the
different static equilibrium positions at different volumes is
accounted for, but all other anharmonic effects, i.e., the ones
arising from the actual nuclear motion, are typically neglected
[54,60–62]. Indeed, a recent study shows that the QHA can
severely underestimate lattice expansion in rocksalt NaBr at
room temperature [63]. The fact that we find a σ A(300 K) =
0.40 for NaBr suggests that a large σ A > 0.2 can signal a
breakdown of the QHA. Similarly, perturbative techniques,
which are commonly used, e.g., for computing lattice thermal
conductivities are limited in validity for the same reasons.
In these approaches, anharmonic effects are treated by per-
turbation theory, starting from the harmonic approximation
and assuming the perturbation to be small VA ! V . This
assumption seems to be justified for materials like silicon with
σ A < 0.2, in which anharmonic effects are responsible for
20% of the interatomic interactions at most. However, this
assumption becomes highly questionable for the majority of
materials, which, as shown in this work, exhibit σ A > 0.2.
Especially thermal insulators generally feature large values of
σ A, cf. Fig. 17. The formalism developed in this work is ide-
ally suited to single out and classify well-defined test systems
with different anharmonic strength and character, ranging
from simple harmonic materials (σ A ! 0.20) up to complex
materials featuring phase transitions (σ A " 0.2). Across this
anharmonicity range, nonperturbative methodologies such as
nonequilibrium techniques [64–67] and equilibrium Green-
Kubo approaches [9,10], as well as thermodynamic integra-
tion techniques [53,68–70] can provide reliable benchmarks
for transport and equilibrium properties, respectively, against
which the various perturbative techniques at different degrees
of sophistication [11–18,71–77] need to be validated. This
comparison will allow to identify up to which strength of
anharmonicity σ A these different techniques work reliably
and above which threshold of σ A perturbation theory breaks
down completely.
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Boltzmann-Peierls-Transport-Equation describes the 
evolution of the phonon phase space distribution f(ω,q,t).
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Single-mode relaxation time approximation
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Phonon Lifetimes from First Principles

• from Density Functional Perturbation Theory 
D. A. Broido et al., Appl. Phys. Lett. 91, 231922 (2007).  
J. Garg et al., Phys. Rev. Lett. 106, 045901 (2011).

• from fitting the forces in ab initio MD 
K. Esfarjani, and H. T. Stokes, Phys. Rev. B 77, 144112 (2008). 

• from fitting the phonon line width determined via ab initio MD  
N. De Koker,  Phys. Rev. Lett. 103,125902 (2009). 
 

All these approaches give very accurate results for good 
thermal conductors at low temperatures.

Results are questionable at high levels of anharmonicity!
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3rd-order expansion
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effective higher orders
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FLUCTUATION-DISSIPATION 
THEOREM

The fluctuations of the forces in thermodynamic equilibrium is 
related to the generalized resistance in non-equilibrium  

for linear dissipative systems.
H. B. Callen, and T. A. Welton, Phys. Rev. 83, 34 (1951).

Brownian Motion:
A. Einstein,  Ann. Phys. 322, 549 (1905).

The erratic motion of the particles
is closely related to

frictional force under perturbation.

Random walk in 2D



GREEN-KUBO METHOD 
R. Kubo, M. Yokota, and S. Nakajima, J. Phys. Soc. Japan 12,1203 (1957).

The thermal conductivity is 
related to the autocorrelation 

function of the heat flux
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First-principles energy densities 
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N. Chetty and R. Martin, Phys. Rev. B 45, 6074 (1992).
A. Marcolongo, P. Umari, and S. Baroni, Nat. Phys. 12, 80 (2016).

L. Ercole, et al., J Low Temp Phys 185, 79 (2016).



J(t) =
d

dt

 
X

I

RI EI

!
=
X

I

VIEI +
X

I

RIĖI
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A. Marcolongo, P. Umari, and S. Baroni, 
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• Describes phonon transports
• Well-defined for classical potentials 
• Well-defined  

in first-principles frameworks



DEFINING THE VIRIAL HEAT FLUX
R. J. Hardy,  Phys. Rev. 132,168 (1963).
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WHAT ABOUT FIRST-PRINCIPLES?
C. Carbogno, R. Ramprasad, and M. Scheffler, Phys. Rev. Lett. 118, 175901 (2017).

U =
⌦
 {R}({r})

��H({r}, {R})
�� {R}({r})

↵The potential energy is the expectation value 

of the many-body Hamiltonian H =
X

i

2

4T̂i +
1

2

X

j 6=i

1

|ri � rj |
�

X

J

ZJ

|ri �RJ |

3

5 ,

rRJU =

Z
n(r)

ZJ(RJ � r)

|r�RJ |3
drHellman-Feynman 

theorem yields:
rRJUI ) rRJU(r)

• Electronic density n(r) is the counterpart in the interaction
• Partitioning onto electrons not discrete, but continuous in r 
• Partitioning onto well-defined and unique, since it only 

depends on the electron density.
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Ebarrier

140 / 70 meV

80 / 40 meV

80 / 30 meV

160 / 100 meV

Occurrence, character and degree of 
anharmonicity can be tailored by doping! 



time

m  

mm 

µm 

nm

fs             ps             ns            µs            ms           

space

Heat Transport Mechanisms

TIME AND LENGTH SCALES

ZrO2:
  Thermal Insulator

Brute Force First-principles
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Silicon:
good conductor



SILICON AT HIGH TEMPERATURES

Experiment Si: C. Glassbrenner and G. Slack, Phys Rev 134,  A1058 (1964).
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Where is the fat tail?



Numerical Challenge:  
Time and Size Convergence



HOW TO BOOST CONVERGENCE?

Decompose heat flux 
into contributions from 
higher/lower orders of 
the Taylor expansion
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Rapid Decay!
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Slow 
Decay!

Can be (time and size)  
converged independently!



THE QUASI-PARTICLE PICTURE
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occupation
number
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frequency

group 
velocity



THE QUASI-PARTICLE PICTURE
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Real & Reciprocal space
picture give exact same 
thermal conductivity! 

Reciprocal space
heat flux better suited  

for extrapolation!
J. Chen, G. Zhang, and B. Li, 

Physics Letters A 374, 2392 (2010).
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EXTRAPOLATED CONDUCTIVITY

Extrapolation procedure yields satisfactory results!

DFT-LDA 
+ Size & Time Corrections
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APPLICATION TO SILICON AND ZIRCONIA

Accurate computation of the thermal conductivities
in solids achievable from first principles.

C. Carbogno, R. Ramprasad, and M. Scheffler, Phys. Rev. Lett. 118, 175901 (2017).



SOME MORE EXAMPLES..

100 101 102

kexp (W/mK)
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SnSe

AgGaSe2

Mg3Sb2

AgCl

BaO KF

LiBr

LiF

LiH

RbF

SrO
CaF2

CdF2

SrF2

CuCl

CuI

KMgF3

KZnF3

CaO

MgO

NaBr

NaCl

NaF

NaI

polycrystal
singlecrystal

equal
±15%
±50%

Knoop et al., to be submitted.



FIRST-PRINCIPLES APPROACHES 
Order of 

interaction
Validity & 

Applicability
Finite Size 

Effects
Disorder

Boltzmann-
Transport Eq.

~%(r3-4)
weak 

anharmonic 
effects

Minute Parameter

Green-Kubo 
MD Full

all 
anharmonic 

effects
Small

as in 
supercell

Ab initio Green-Kubo approach allows the accurate and 
predictive computation of lattice thermal conductivities κ 

at arbitrarily high temperatures!



SUMMARY
We have introduced the harmonic approximation 

under periodic boundary conditions.

The harmonic approximation can be very useful to 
approximatively asses dynamic and thermodynamic effects 

at low temperatures.

The harmonic approximation becomes  
increasingly inaccurate at elevated temperatures and must be 

handled with care under such thermodynamic conditions. 
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Semi-empirical potentials

First-principles approaches

Machine-Learning has 
the potential  

to bridge this gap.

C. Verdi et al., Npj Comput Mater 7, 156 (2021).
S. Batzner et al., arXiv:2101.03164(2021).
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